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Special issue celebrating the 60th birthday of Corrado
De Concini
The sixtieth birthday of Corrado De Concini has been celebrated in the conference “The Interplay
of Algebra and Geometry”, which took place in Cortona in June 2009. Corrado De Concini has been
serving for many years as an editor of the Journal of Algebra, and it has been natural to follow up a
very successful conference with a special issue of this journal. Many of the speakers of the conference
kindly accepted to contribute a paper. We believe that these papers, in their variety of subjects and
perspectives, illustrate quite concretely the title of the conference.
We would like to thank the Editor in Chief, Professor Michel Broué, who accepted enthusiastically
our proposal, and the Editorial Staff at Elsevier for providing us with prompt and helpful assistance.
Pavel Etingof
Paolo Papi
Claudio Procesi
September 20100021-8693/$ – see front matter © 2010 Elsevier Inc. All rights reserved.
doi:10.1016/j.jalgebra.2010.09.016
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I met Corrado when he was a student in Roma and I a young assistant, about 40 years ago. The
University was in a big turmoil and I still remember running away with him from some violent
clashes just outside campus. He graduated in 1971 with a Laurea thesis in algebraic topology under
the direction of Silvana Abeasis and was immediately off to Warwick where he took his PhD, still in
algebraic topology, with G. Lusztig.
There was actually a serious problem when, after completing his ﬁrst thesis, he discovered a very
recent paper with the same results. Still he quickly produced another PhD thesis and ﬁnished in
1975. After a period in Salerno he came to Pisa where I was now professor and there started our
collaboration which has lasted ever since.
I cannot discuss in detail all of his scientiﬁc production so I will mostly restrict to things we did
together.
I remember well that I had heard a lecture (in 1975) from Giancarlo Rota on his theory of double
standard tableaux and had the idea that these methods could be applied to classical invariant theory
in positive characteristic. So I started to discuss the combinatorics with Corrado and soon he came
with some computations which eventually led to a joint paper, which we published in Advances, and
which I think it is still a reference for the subject. That strand of research proved to be extremely
fruitful, together with Eisenbud, Corrado and I developed a full theory of Hodge algebras while Cor-
rado by himself did some rather diﬃcult computations on symplectic standard tableaux and with
Kazdhan developed a ﬁrst theory of canonical bases.
Later we discovered a geometric side of the theory of tableaux and developed the theory of
Complete symmetric varieties which has been very successful, it gives a general setting for classical con-
structions in enumerative geometry. The theory is actually effective so that one can compute some
rather big numbers, for instance of quadrics satisfying various enumerative conditions, and at the
same time sheds some light into the theory of algebraic groups and symmetric spaces. It has been
the model for many further researches as for instance the theory of Luna of spherical varieties. We
also developed a deep and general theory of Halphen rings which I think has not received suﬃcient
attention and it is still not well understood by the community.
Slightly later Corrado did another major piece of work on moduli of Riemann surfaces together
with Enrico Arbarello. This appeared in the paper On a set of equations characterizing Riemann matrices,
in the Annals of Mathematics in 1984. He returned to Riemann surfaces several times, also in other
papers with other collaborators.
In the late 80’s a very hot topic was the theory of singularities of closures of conjugacy classes,
in particular the beautiful theory of Springer. On that theory we had two papers. The ﬁrst paper
discussed in a very detailed way the cohomolgy of the Springer ﬁbers in type An showing a rather
surprising duality conjectured by Kraft. It became later the basis of a long adventure called the n!-
conjecture (posed by Garsia and Haiman in 1990 and solved by Haiman in 2001).
The second, joint with Lusztig, was published in the ﬁrst issue of the Journal of the American
Mathematical Society and it is still a basis for current research.
At the end of the 80’s Corrado started, together with Victor Kac, a new project on Quantum Groups.
I was not very keen to work on quantum groups since I did not understand the theory but eventually
was dragged by Corrado (in fact I resisted and was dragged several times at different occasions) into
the project and we wrote several papers together, some also with Victor Kac. It was a lot of very heavy
technical work and sometimes dirty computations, I still remember our paper on Quantum Schubert
cells as a real nightmare; but we survived successfully and in the meantime tried to understand the
more geometric aspects of the theory.
We wanted to understand the theory of Kohno–Drinfeld, the applications of quantum groups to
knots and in particular the construction of Kontsevich of the universal Vassiliev invariant for knots.
Both theories are based on the Kniznik–Zamolodchikov equation and in particular on the study
of certain asymptotic solutions of this system of partial differential equations. We realized that the
asymptotic behavior could be discussed geometrically by adding suitable points at inﬁnity where the
singularity of the equation has normal crossings.
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subspace arrangements.
In the meantime Corrado had moved to the Scuola Normale Superiore in Pisa and there he re-
turned to his ﬁrst ﬁeld, algebraic topology, starting a very fruitful collaboration with Mario Salvetti.
Salvetti had developed a beautiful geometric model for the classifying spaces of braid and more gen-
eral Artin groups. Together with Corrado they further investigated the implications of this model for
the cohomology of Artin and reﬂection groups and its connection with some subtle invariant, the
Schwarz genus, which measures the topological complexity of the algorithm of solving a polynomial
equation in one variable.
Surprisingly their results, extending ideas of Vassiliev, gave a complete answer to this last problem
for all reﬂection groups except for the one of interest, type An associated to roots of a polynomial!
In fact it is clear now that a complete answer in this case is probably too complicated since it
involves deep obstruction theory which is just not available.
Again Corrado explained me some of these problems and I was happy to join them in their project
and we had three papers together, in one of which we started to give some answer to the question
of the Schwarz genus for type An .
Our last line of common research came by chance as Michelle Vergne explained to us some
formulas for volume and number of integral points in certain families of polytopes. We saw some
connections between her formulas and the theory of wonderful models of hyperplane arrangements,
that we had developed for completely different reasons. In fact, in order to fully understand the arith-
metic case, we had to extend the theory of arrangements to the case of Toric arrangements.
This theory reserved us many surprises, when we discovered that there was a rather large litera-
ture arising from numerical analysis, the Theory of the box-spline and in particular the work of Dahmen
and Micchelli.
We decided to study their work in great detail and eventually were rewarded when, again under
the input of Michelle Vergne, we discovered that the theory could be applied to settle an old ques-
tion posed by Atiyah on equivariant K -theory and the index of transversally elliptic operators. This
work, joint with Michelle Vergne, is developing now into a full ﬂedged theory as we started to com-
pare equivariant cohomology and equivariant K -theory on one hand and on the other certain spaces
appearing in the Theory of Dahmen and Micchelli and constructed by differential and respectively
difference equations.
For this purpose we developed the general theory of the inﬁnitesimal index, which wraps up all
these ideas in a very neat way which we feel will yield even further results.
So what to say more? Corrado is a very good mathematician and a very good friend, and I have
been very fortunate to have met him at the right time and to have been able to collaborate with him
for so many years. I think we never had a real ﬁght or quarrel on who had the idea of what ﬁrst, a
diﬃcult thing to analyze in a joint collaboration, although it is clear that our mathematical abilities
are somewhat different and we succeed in using their union rather than their intersection.
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